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Vibration of Some Structures with Periodic Random Parameters

Wen-hu Huang*
Harbin Institute of Technology, Harbin, China

In a periodic structural system, such as blades in a closed packet of turbomachinery, the natural frequencies of
the individual blades can be randomly different from one another. This paper describes a solution for such a
periodic structure in which the distributions of blade frequencies are random processes with small standard
deviations. A spectral method is suggested to solve differential equations with random coefficients. The ex-
pressions for vibration modes are given; the standard deviations of natural frequencies are estimated, and the
results of forced vibration are presented. Some special features of vibration characteristics of this system are

shown as well

Nomenclature

a,b,c,d,A,B =amplitude coefficients

f =Fourier coefficient of randomly distributed
stiffness

g =Fourier coefficient of randomly distributed
stiffness of connecting elements

h =Fourier coefficient of randomly distributed
mass

¢, (8),k,(0) =distributed stiffnesses

d.(6) =distributed damping

f(6,¢) = exciting-force function

F =amplitude of exciting force

k =number of harmonics of exciting force

¢ =number of Fourier coefficients

m,n,r =number of nodal diameters of normal modes

- m,(0) = function of distributed mass

My, =mean value of mass

M(0) =random function of m, ()

p{(0),q(8) =]ocal frequencies

Po:y =mean values of p(0) and g(8), respectively
P(9),Q(0) =random functions ofp(0) and ¢ (8),
respectively
R(7) =correlation function
t . =time
u(®),v(6) = components of mode due to random stiffness
w(8) =component of mode due to random mass
x(6,1) = displacement function
X(8) =normal mode of the system
y(6) =normal mode of the structure with
homogeneous parameters
“o,f3,7,6 =phase angles
1 (for m=n)
Sunn :{O(form¢i1)
€ =damping factor
0,7 =spatial angular coordinates
0,ns 0,0, =standard deviations of M (8), P(9), and
Q(0), respectively
£ =small parameters
=natural frequency of the structure
N1, 7,0 =natural frequencies corresponding to y(8),
u(8), v(8), and w(0), respectively
Q = frequency of exciting force
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Introduction

N stochastic structural dynamics, the most widely studied

problem is the vibration of structures with deterministic
parameters under the action of randomly time-varying ex-
citing forces. The vibration problems of dynamic system with
random structural parameters are not yet fully analyzed.
Hoshiya and Shah! solved the problem of free vibration of a
beam column with random structural parameters. In their
paper the auto- and cross-correlation functions of the random
structural parameters are artificially assumed to be of the
form of exponential functions.

This paper deals with the free and forced vibration of some
structures with periodic random parameters.. An example of
such a structure is the blades on the disk of a turbomachine
connected to one another by elements to form a' cir-
cumferentially closed structure, which is described in Ref. 2.
The natural frequencies of the individual blades can differ
from one another randomly. This structure may be modeled
by a.stiff ring supported by transverse springs with randomly
distributed stiffness and mass parameters. First we assume
that the standard deviations of these random parameters are
small, so this problem may be solved asymptotically by the
perturbation method. Then, considering that the structure is
circumferentially closed and that the random functions of
structural parameters -are periodic, it is reasonable to in-
troduce a spectral method of expanding these periodic ran-
dom functions into Fourier series. Thus, in this problem the
solutions of differential equations may be expressed by
Fourier coefficients to obtain the expressions of natural
frequencies, normal modes, and amplitudes in resonance and
to estimate their variances.

Governing Equations ,

Consider a circumferentially closed packet of tur-
bomachinery blades on a disk.2 When the packet vibrates in
one of its normal modes, every blade may be modeled as a
weightless cantilever bar with a concentrated mass at its free
end. These masses are connected by springs to form a closed
ring (Fig. 1). The motion of this model of blades can be
described by the following equation:

d?x;
Dl 2
My d +k, X cxj(xjﬂ

dx.
ey (=) +dy =1 () (1)

where x; (¢) is the displacement of blade j; m, , k.., d, the
mass, sprmg stiffness, stiffness of connectmg eI’ements /and
damping, respectively, of blade j; f () the exciting force on
blade .
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Fig. 1 - Closed structure of blades.

Fig.2 Closed-ring model.

If we assume that the distribution of blades on the disk is
very dense, the above structure may be modeled by a closed
ring composed of stiffened string supported by transverse
springs (Fig. 2), and Eq. (1) of finite differences may be
approximately replaced by the following governing dif-
ferential equation:

d%x 0 Ox dax
-, — +d,— =f.(0,t 2
X 942 X aocx 60+ Y fx(el ) ( )

with continuity conditions

ax ax
—mt)=x(mt); — =
Xmo=xmo; | =g

. (mt)
‘

and initial conditions

x(0,0) =x,(0); =X%4(0)

where m (0), k. (0), ¢, (8), and d (0) are functions of
distributed mass, spring stiffness, string stiffness, and
damping, respectively. .

Assume that the system carries on a harmonic vibration

under the action of a harmonic exciting force. The force can
be expressed by

[ (6,1) = mXOF(())e"w’ : 3)
and the steady solution of differential Eq. (2) is
x(60,6) =X (6)e" . )
Introduce the following notations:

1 1
G’ (0) = m—cx((?); P28 = m—kx((?); e= =~

*0 0 mXO
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These are the squares of local frequencies and the damping
factor, respectively. Thus we get the spatial differential
equation '

—i (quli)+(pz—ﬂwz)X+iewX=F(0) 5)
de de m,

Random Structural Parameters

and Their Correlation Functions

The structural parameters p? (0), ¢?(8), and m, (0) are

periodic random functions fluctuating around their respective
mean values pj, g3, and m,, . Here, to simplify the discussion
we assume the damping factor € to be constant. Assume that
the fluctuations of these structural parameters are small.
Introducing small parameters &, 5, and ¢{, these structural
parameters may be expressed in the following form:

P26y =pill+£P(8)]

q? (8) =gl +1Q(0)]

m(0) =m 1+ {M(6)] (6)
where P(0), Q(0), and M (0) are periodic stationary random
processes and their variances are assumed equal to 1. They
satisfy the following conditions of periodicity:

P(—7)=P(r);
Q' (—m)=Q"(m);
Later on we shall make use of the periodicity of these

functions to establish a spectral method. We expand these
periodic functions into Fourier series:

Q(—7)=Q(x)
M(—7)=M(x) 6)

P(B)= Y fe® Q)= Y ge® M@O)= Y, he®

= —oo f=—o0 f=-—~00
Q)

where f,, g,, and h, are random Fourier coefficients and the
(— Oth coefficient of any of them equals the conjugate of their
fth coefficient, i.e.,

J_e=1%

Assume random processes P(0), Q(0), and M(§) to be
ergodic. The autocorrelation function R, (7) of P(6) can be
obtained as follows:

g_gzg;: h_yzh; 7")

R, (1) =E[P(O)P(6+1)]

i SW Zm: f[eiee Zm: fw‘eit"(ﬂr)dg

21 J-= = — oo V= oo
= Ef@f‘;(ei?f +e—iFT) =2 E |fg|2COSET (8)
=0 =0

When 7=0, the value of the correlation function is equal to
the variance of P(6), which is equal to 1 as mentioned above:

R,(0)=2 ), If,12=1 : (8")
=0

We can get similar results for autocorrelation functions
R, (1) and R, (7) for functions Q(f) and M (8), respec-
tively. Assume that the variances of random processes £P(8),
7Q(6), and {M(8) are o2, ¢2, and o2, respectively. Then

from the above analysis we see that the small parameters £, 5,
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and ¢ are equal to the standard deviations, respectively:

¢=0g,; n=o0, (=0, &)

Now let us compare the autocorrelation function (8) with
that of Hoshiya and Shah,! who suggested the following
form:

— p—alrl
R,(7)=e"¢ (10)
As we know, the Fourier transform of the autocorrelation

function is equal to the power spectral density. Compare the
Fourier transforms of Eqs. (8) and (10); we see that

[04
If,12= ww(a2+€2) (I+e—o) for (=13,5,...
— _Ol— (1 —onr) fi (=24
T e or {=24,...
2
= — (I—e—2o7) for (=0 . (11)
T

As an example, we put «=1; then the Fourier coefficient f
takes the following values (which are shown in Fig. 3).

~

Free Vibration

The differential equation of free vibration is written by
dropping the exciting fource and neglecting the damping of
Eq. (5): R

=g U +7Q) X'l +[pF(1+EP) —w? (1 +M)]X=0 (12)
with boundary conditions
X(—-m)=X(m); X' (—m)=X"(xr) - (13)
The differential Eq. (12) is solved by the perturbation
method, in which the frequency »? and the mode shape
function X (6) are expressed by a power series of small
parameters £, 7, and {. Here we consider an approximate
solution and keep only the first-order terms:
W2=N2+Eu’+q? +{p? +... (14)
X(0)=y(O0)+Eu(0) +nqv(8) +iw(0) +... (15)

Thus we get the following differential equations:

—qpy" +(Pg—N)y=0 (162)
~qiu” + (p3—N?)u=— (pjP—p?)y (16b)
—qv” + (PF-N)v=qf(Qy" +Q'y') +v?y (16c)
—q3w” + (P —N)w=(NM+p?)y (16d)
4l
Hog
e
/"\o.é
I \
/ 10¥%
\
\ s //{ 02\
-~ N
1T l Dy~
4 6.8

-t - 0 K nw T -8-6-4-202

a) 1))
Fig. 3 _a) Autocorrelation and b) Fourier coefficients.
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Equation (16a) is a differential equation with deterministic

coefficients which is easy to solve. The component of
frequency of mth order is

N =pj+m’q; ~an

where m is an integer; m=0,1,2,... equals the number- of

nodal diameters of the mode. The component of mode
function is

Y (8) =A e 4 Ay e ~im? (18)

Here A, and A%, are conjugate coefficients. By normalization
of the orthogonal mode functions '

T I (form=n)
ERQIRGLE (19)
LW 0 (forms#n)

we get
1
- A,,AL=14,,17= — 20)
4

Once the solution (18) has been obtained, Eqgs. (16b-d) can
be solved as follows. Take Eq. (16b) as an example. Taking
Eq. (17) into account, Eq. (16b) may be rewritten as

i ) [
ul +m um=—;Pym— p Ym 1)
0 0

To solve the above equation, we expand the function u,, (8)
into a series of determined function y, (§) from Eq. (18):

Uy (0)= Y5 B,y () , 22)

r=1

where b,,, is the coefficient to be determined. Substitute it into
Eq. (21), multiply with y,(8), and integrate it with the
condition of orthogonality (19); we then get

q3(m? =n?)b,, + 10, =D} S_ Py,y,do 23)

Considering the cases m=n and ms#n, respectively, we get
the expressions of component frequency p2, and mode shape
function u,, () in the following form:

an =p§ S_W Py2md9=21rp§ (fz,,,A;‘,,z +f‘2“mAf,,) 24)
Uy (0) =Y, by, (8) (25)
e
where
1 pi(r
bmnz—bnmzmq—g S_”Pymyndo (26)

Assume that
A, =14, \em; " f, = fy, |efm
where ,,, ,,, are phase angles of these coefficients; thus
r2, =p3 If5, 1cos(B,, —2a,,) @n

Solving Egs. (16¢) and (16d) in a similar manner and
assuming

8om ™ ‘me |‘ei72m; h2m = lh.?m |ei62m
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we get the component frequencies »2, p2, and mode shape functions v, (8), w,, (6) as follows:

vZ, =qoS Qy,2d0=—m?qj\g,,, 1cos(v,, —2a,,) p2 ==\, S” My2 d0=—\2, |h,, 1c0s(8,,, —2a,,)  (28)
-and
V()= )]y, 0) W, (0)= )] d,,»,(0) 29
nxm Z::’l
where
—_ — I \g"r ’ /d0 _ _ ) I )\fn T
Cmn = = Cm =z gz ), P Do == == 3 3 gz R (30)

Natural Frequency and Its Variance
The mth natural frequency of the system is obtained by synthesizing Eqs. (14), (24), (27), and (28) as follows:

wf,,=(175+m2tﬁ;)+€l’f)§ nynd0+nq{%S Qy:/de—s“%fnf My}, dé S
or -

wfn = (plz) +m2q5) +‘§p5 Iflm lCOS(BZm _Zam) _nqng ngm |COS(’YZm _Zam) - g‘)\fn thm ICOS(62m —201,,,) (32)

The natural frequency w?, is a random variable. Since the mean values of functions P(8), Q(8), and M (8) equal zero:

E[P(6)]=0, E[Q(0)]=0; E[M(6)]=0

thus the mean value of w2, is

Elof1=EN 1 +803 | EPO y3d0+na3 [T E1Q0)1y;2a0-08, |7 ELM(O)152.00=N;, =p3+m2a} (33)

That is to say, the mean value of the natural frequency of the structure with random parameters is equal to the natural frequency
of the structure with homogeneous parameters.
As to the variance of natural frequency, it may be estimated by the following integrations from Eq (3D):

T

EL@i) 1 =B 1 +803 | |7 EPG) PO 113 053,00 8,08, 4901 | |7 E100,)000 1372 072 8,)00,00,

ks

roi [T 17 B, MO 15,005, 00 00,00,+ 260343 | g;wE[P(e,\)sz)innw,)y;f(eg)do]dez

’

25 | [T EPO)M0)173,00055 021 d0,d8, - 2nsaini | |7 ELQO,)M(0,)117(6,)33,0,) 48,0,
2t |7 ELP@) 193, @00+ 200303, | ELOO) 17 0)00-200, |7 EM0) 157 (0300 (34)

The variance of w?, is k
02_var(w2)_E[(w2) ]_)\4_/2[2 p |f2m|2+77 m q lg2m|2+§'2)\fn|h2m 227)1’}1 poq lf2ml |g2mlcos(52m 72m)

—28p2N2 S5 | 1By, 1COS(B,, — 05, ) +20Em2qEN2 g5, 1 Lhy, 1c0S(Y 20 — 0, ) ) 35)

This complicated expression of the standard deviation o2 of w? may be considered as a vector sum of the following three
vectors (see Fig. 4):

Epﬁfzm’ _nmzqgghn’ __§~)\2 2m (36)

Thus the standard deviation of the natural frequency is a small quantity with the same order of £, 5, and ¢, which are equal to the

standard deviations 7,0 P and ¢, of the structural parameters.
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Normal Modes and Their Orthogonality
The normal mode shape function of the system can be obtained by the use of Egs. (15), (25), and (29). Thus we get

X (0) =9,y (0) + D3 (Eb g +1Cy+ o), (6) 37)
R
In Eq. (37) we use
V() =A, e + A% e—im =]/ (2NT)cos(mb+a,,) (38)

Equation (38) is the mode shape function of the system with homogeneous parameters. In this case the nodal diameters are located
symmetrically. But for the modes of the system with random parameters, owing to the complexity of Eq. (37), the nodal diameters
are located unsymmetrically, as shown in Fig. 5.

It can be shown that the mode shape function Eq. (37) satisfies the condition of orthogonality. Indeed, let us designate the
quantities in parenthesesin Eq. (37) by

By =D pyy +1C p + 5 (39)
then from Egs. (26) and (30) we know
=—B,, 40)

Making use of Egs. (19) and (40) we have

|7 xpx,00= " (vt X Bur) (2 + E B, )a0= " (a4 X Bt X Byt
-7 -7 e’ -

n=1 n'=1
n#Em n 75 n#m n'#Em’

1 (for m=m")

0 (for m#m') @1

+terms of higher order)d0=6mm, +B,pm t Byt =0, = {

Thus the orthogonality of normal modes of the structure with random parameters is proved.

Phase Angles of Normal Modes

For the structure with random parameters, the phase angles of normal modes in Eq. (37) are not arbitrary, but are random
variables determined by random functions P(8), Q(0), and M (8). They are independent of initial conditions of motion.

In fact, when we solve Eqgs. (16b-d), it should be noted that the right-hand side of these differential equations should not contain
terms involving spatial frequency mj; otherwise the solution would contain terms increasing infinitely with time and this is
unreasonable. To avoid this situation, we should put the coefficient of sin(mf + «,,) in the right-hand side of the equations to zero.
From this relation we get the phase angle

1e20 = —tpi If,,, Ising,,, +9m?q3 \g,,, Isiny,, + (N2, h,, Ising,,, )
” —&p3 1fy, 1c0sB,,, +nm2q} 18, 1€0sY,, + N2 1A, |cosd,,

Q osmf* Forced Vibration
t,) When the structure described in Fig. 2 rotates with angular
§im ’7 P velocity Q, it is acted upon by an exciting force involving
A Bim many harmonics:
- 1‘2 6 .
v & ” J0.0=Y f (0,0 43)
:\o,o k=1
& 7
. “,’;’ To simplify the problem we examine only the response to the

kth harmonic of the exciting force and assume that the spatial
distribution of the exciting force is proportional to the kth
normal mode y, (8) of the structure; thus we may write:

“‘. 5 0.0 = oy (O @

Fig. 4 Standard deviation of frequencies.

Assume that the solution of Eq. (2) with the right-hand side

Fig. 5 Nodal diameters; — of Eq. (44) takes the following form:
unsymmetrical by Eq. (37);
———unsymmetrical by Eq. (38). x(0,1) =X (0)e* (45)

Substituting it into Eq. (2), we get the spatial differential
n\ equation for the mode shape function X(8) of the forced

vibration, but for simplifying the problem it is assumed that
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m,(0) = m,, = const; thus we have:
—(@?X") + [p? — (kQ)? ] X +iekQX=F,y,(0) (46)

Assume that the solution of differential equation (46) may
be expressed as the sum of normal modes of the structure:

X(0)= Y, a,X,,(6) @7

m=1

where the mth normal mode X, (8) is expressed by Eq. (37) as

X, (0) =9, (0) + Y (£B,y +1C) ¥, (8) (48)
n=1
n#£m

Substituting Eq. (47) into Eq. (46), multiplying it by X, (0),
and integrating it, we have:

|" w3~ ) 21xx,, + tpiPxX, 037 X,

—ng3(QX') " X, +iekQXX,, }do= S_w Foy, (0)X,,d6 (49)

Making use of the condition of orthogonality Eq. (41) and
neglecting terms of higher order, we get

[(pE+m?qi+Epl+nr) — (kQ) 2 +iekQ]a,,

=Fk [akm+ (gbmk+ncmk)k;¢m] (50)

' Taking the expression of natural frequency Eq. (31) into
account, we have

[wfn—(kQ)2+iekQ]am={F" (for m=K) 5},

‘Fk(Ebmk+ncmk) (for m#k)

Once coefficient a,, is obtained, the solution of Eq. (46) is
obtained in the form of Eq. (47).

Amplitude of Resonance and Its Variance Estimation

In Ref. 2 the condition of resonance called the ‘‘triple-
coincidence condition’” for a circumferentially closed
structure of blades is given in the following form:

kKQ=ow, and k=m
or
w,/Q=k=m

It means that resonance occurs only in the case when the
diameters equals the frequency £Q of the kth harmonic of
diameter equals the frequency kQ of the kth harmonic of
exciting force and the number of nodal diameters m coincides
with the number of harmonic k. The above condition of
resonance is given only for the case of homogeneous struc-
tures.

For the case of structures with random parameters, when
the structure is in resonance, i.e., when the frequency of
exciting force £Q coincides with the natural frequency w,, of
the structure '

KQ=w (52)

m
we should estimate the amplitude of resonance in two dif-
ferent cases (Fig. 6):

1) In the case where the trlple coincidence condition is
satisfied:

kQ=w, and k=m (53)

m
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from Eq. (51) we get a deterministic solution:

Fe

la,, |
07 k@

(54

In this case, a violent resonance occurs in the case of small
damping. This result is common both for the case of structure
with homogeneous parameters and for that with random
parameters.
2) In the case where the triple-coincidence condition is not
satisfied, i.e., when
kQ=w

m

but k#=m (55)

from Eq. (51) we have a random solution with small
parameters £ and 7:

F i
la,, | = E_I—C—I;l (ED i F1Ci) sk (56)

The ratio of la,, | to la,1,is

la,, |
la,, |

m'0

= (ED i+ 1Cok ) e (57

where coefficients b,,, and c,, are shown in Eqgs. (26) and
(30).

In this case, a resonance occurs but it is a weak one even in
the case of small damping because of the appearance of small
parameters £ and 7 in Eq. (56). This weak resonance occurs
only in the case of structures with random parameters. It does
not exist in the case of structures with homogeneous
parameters. The mean value of the amplltude ratio of
resonance in this case is zero:

| la | 1 1 T p2
E[ - ]z\_ S {JEP() .
a1 1T 2m i ), B EIPO 1y

+1E[Q(8) 174,51 Jd0=0 (58)

The variance of the amplitude ratio of resonance in this
case is expressed in the following equation:

la, i la, 1 N2 I 1 2
mvar il _p(Jaal Y2 L1y
la,, la, |, 472 \m? —k?

l

4 T T
x {22217 [ E(P0,)P(0) 17, (07,07 0,)
gy v-7 J-7 ‘

X, ¢
os
Wy, ‘ \]mkk
——”
__.—-:'___," m=K
e S :
L—”‘- -
= }m*k
—_—— ,/’
—-—/ __ 0 -violent resonance
L — «.-weak resonance

Fig. 6 Campbell diagram.
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<y @0,y +0? " |7 E106) 06 15,0))

Xy (8,)3 (03)7 (040,40,
pj e T
A W T CALIOAY

X3 (07 (0)9, )7, 8)d8,06, ] (mk)  (59)
The result of the above integration is

I 1
la,l,  2(m2—k2)?

2 —
02 =var

4
(722 Vil
0

P .
+‘)72I7’l4 lgm+k|2—2£77;2' lfm«%kI Igm+k'cos(6m+k_7m+k)
0

po,

+&2 ek 2 nmilg, 12

2
+2gn% Vi 112 1008k = Ym_y)  (mk)  (60)
0 . .

From the expression of the variance of the resonant amplitude
it may be considered that the standard deviation is the vector
sum of random Fourier coefficients, as shown in Fig. 7.

Numerical Examples

Here we give some numerical examples to illustrate how the
random distribution of structural parameters affects the
natural frequencies and resonant amplitudes.

Suppose the local frequency of the bars in Fig. 1 equals
110.0 Hz and the local frequency of the connecting springs
equals 22.0 Hz, so we have the structural parameters as
follows:

Po=27-110=691.15 rad/s
g, =27 22=138.23 rad/s

The natural frequencies of the closed ring in Fig. 1 with m
nodal diameters may be calculated by Eq. (17) and are shown
in Table 1.

Suppose the structural parameters of the ring model are
randomly distributed. Assume the autocorrelation function of
the parameters takes the form of Eq. (10) with «=1. So we
may take the Fourier coefficients of the parameters If,!l, lg,!,
and la,t ((=1,2,...) by Eq. (11) or from Fig. 3b. In turbine
manufacture, the dispersion of natural frequencies of blades
on one disk is usually limited to less than A= £4%. So we

Fig. 7 Standard deviations of resonant amplitude.
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" Table1l Natural frequencies

m 0 1 2 3 4 5 6

.)\m(Hz) 110.0 112.18 - 118.47 128.26 140.87 -155.56 171.82

Table2 Limit values of o,

m ;
k 0 1 2 3 4

0 1 0.1413 0.0239 0.0092 0.0046
1 0.1358 1 0.0467 0.0112 0.0055
2 0.0206 0.0365 1 0.0271 0.0085
3 0.0067 0.0086 0.0231 1 0.0229
4 0.0028 0.0035 0.0060 0.0190 1

5 0.0015 0.0016 0.0026 0.0051 0.0177
6 0.0008 0.0010 0.0013 0.0023 0.0048

may take the standard deviation of local frequencies as
f=n=o0,=0,=A/3=0.01333
For simplicity we take o, = {=0.
By Eq. (35) the variance (02) of frequenc1es w?, may be
estimated by the following equation:

02 < V3 (EpiAfom | +9m? g, 1)72
and the ratio of standard deviation ¢ of frequency w,, to the
local frequency A, may be estimated. In this case we have
<0.56% for m=1

<0.41% for m=2

=<0.34% for m=3

§>/|eq sy!eq sy|€q‘

Thus we see that the change of natural frequencies is small. By
Eq. (60) the standard deviation o, of resonant amplitudes
la,, | under the condition 7k may be estimated. The results
are shown in Table 2. It is seen that o, is much smaller than 1.
It means that, in the case m # k, the resonance is rather weak.

- Special Features of Vibrational Characteristics

The analysis of this paper shows that the vibrational
characteristics of a structure with random parameters differ
from that of a structure with homogeneous parameters on the
following aspects:

1) The natural frequencies of a structure with homo-
geneous parameters are deterministic quantities; but the
natural frequencies of a structure with random parameters are
random variables whose mean values are equal to the natural
frequencies of a structure with homogeneous parameters, and
the standard deviation of frequency of mth mode depends
only upon the (2m)th Fourier coefficients of the random
parameters and may be expressed as a vector sum of their
standard deviations.

2) The normal modes of a structure with homogeneous
parameters have a shape of harmonic waves with sym-
metrically located nodal diameters, but the normal modes of a
structure with random parameters have a shape involving not
only a main harmonic wave, but also an infinite number of
harmonics. Thus its wave shape is rather complicated, and the
nodal diameters -are located unsymmetrically. Despite the
complication of their mode shapes, the normal modes satisfy
the condition of orthogonality.
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3) The phase angles of nofmal modes of a structure with

homogeneous parameters are arbitrary. They have to be

determined by initial conditions of motion. But the phase
angles of a structure with random parameters are not ar-
bitrary, but are random variables determined by random
structural parameters. They are independent of initial con-
ditions of motion. .

4) For a structure with homogeneous parameters,
resonance occurs only when the triple-coincidence condition
described in Ref. 2 is satisfied; otherwise resonance cannot
occur even in the case of coincidence of the exciting frequency
with the natural frequency but k#m, because in that case no
work will be done by the exciting force on the structure. But
for the structure with random parameters, a strong resonance
occurs when the triple-coincidence condition is satisfied, and
a.weak resonance occurs when the triple-coincidence con-
dition is not satisfied but AQ=w,, and k#m. The standard
deviations of the resonance amplitude in that case depend
upon the (m+k)th and (m — k)th Fourier coefficients of the
random parameters.
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Conclusion

In this paper a feasible and convenient spectral method is
presented for solving the free and forced vibration problems
of a periodic structure with random parameters. Expanding
the spatial periodic random functions in Fourier series, it is
possible to get the expressions of correlation functions, to
solve the natural frequencies and normal modes, and to

“estimate their mean values and variances by means of these

random Fourier coefficients of structural parameters. Finally,
some special features of vibrational characteristics of the
structure are shown.
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